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What do we do?

Three graph snapshots : G1, G2, and G3

Each graph snapshot contains 6 vertices, different edge sets.

Three subgraphs : S1, S2, and S3.
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Jaccard-constrained dense subgraph discovery problem

Input:

A sequence of graph snapshots.

Weight parameter : λ.

Output:

A sequence of subgraphs.

Such that:

(Sum of the densities + λ× sum of pairwise similarities) is maximized.
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Densest Subgraph Problem

Definition of density:

d(S) =
|E(S)|
|V (S)|

Densest subgraph problem : Find a subset of vertices which maximizes the density.

Exact1and greedy2algorithms.

1Andrew V Goldberg. Finding a maximum density subgraph. 1984.
2Moses Charikar. Greedy approximation algorithms for finding dense components in a graph. In International workshop on approximation algorithms

for combinatorial optimization, pages 84–95. Springer, 2000.
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Densest Common Subgraph Problem

Extension for multiple graph snapshots.

DCS : Find a common set of vertices which maximizes sum of the densities.

Variants of objectives :
▶ maximize sum of the densities 3.

▶ maximize min density 4.

3Semertzidis, K., Pitoura, E., Terzi, E. and Tsaparas, P., 2019. Finding lasting dense subgraphs. Data Mining and Knowledge Discovery, 33(5),
pp.1417-1445.

4Vinay Jethava and Niko Beerenwinkel. Finding dense subgraphs in relational graphs. In Joint European Conference on Machine Learning and
Knowledge Discovery in Databases, pages 641–654. Springer, 2015.
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Jaccard coefficient

Similarity between two sets.

Si : subset of vertices from ith graph snapshot.

Sj : subset of vertices from jth graph snapshot.

J(Si, Sj) =
|Si ∩ Sj |
|Si ∪ Sj |

When Si = Sj , pairwise Jaccard coefficient is one.
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Definitions and our objective

Density of ith subgraph

d(Si) =
|E(Si)|
|Si|

.

k : Length of the graph sequence

Sum of the densities from all graph snapshots

d(S) =
k∑

i=1

d(Si) .

Objective

q(S;λ) = d(S) + λ

k∑
i=1

k∑
j=i+1

J (Si, Sj) .
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Example

Let λ = 0.3, sets: S1 = {a, b, d, f}, S2 = {a, b, c, f}, and S3 = {a, b, d, e, f}.

The sum of densities is 4
4
+ 6

4
+ 8

5
= 4.1.

J (S1, S2) =
3
5
= 0.6, J (S1, S3) =

4
5
= 0.8, and J (S2, S3) =

3
6
= 0.5.

Our objective is equal to 4.1 + 0.3× (0.6 + 0.8 + 0.5) = 4.67.
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Our problem

Given a graph sequence = {G1, . . . , Gk}, with Gi = (V,Ei),
and a real number λ,
find a collection of subset of vertices S = {S1, . . . , Sk},
such that q(S) is maximized.

It turns out that finding subgraphs maximizing our objective is NP-hard.
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Algorithm - 1

Figure: Iterative algorithm

Initialization : DCS and individual densest subgraphs.
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Algorithm - 2

Figure: Greedy algorithm
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Experiments with Synthetic Datasets

|V d| and |V s| : Initial number of dense and sparse vertices.

|E| : The expected number of edges.

k : The number of snapshots.

pd, ps, and pc : The dense, sparse, and cross edge probabilities.

ddcs : The density of densest common subgraph.

dind : The sum of densities of locally densest subgraph from each graph snapshot.

Jmin = mini<j J(V
d
i , V d

j ) : The minimum Jaccard index between ground truth
dense sets of vertices.

dtrue : The ground truth density of dense components.
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ddis and q : The sum of densities and scores of the discovered sets.

i : The number of iterations using Algorithm-1.

ρ : The average Jaccard index between discovered and ground truth sets.

time : The computational time in seconds.
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Experiments with Real-world Datasets

|V | : The number of vertices.

|E| : The number of edges.

k : The number of snapshots.

ddcs : The density of densest common subgraph.

dind : The sum of densities of locally densest subgraph from each graph snapshot.
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Experiments with Real-world Datasets

ddis and q : The sum of densities and scores of the discovered sets.

i : The number of iterations using Algorithm-1.

time : The computational time in seconds.
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Conclusion

Introduced a novel Jaccard weighted, dense subgraph discovery problem for
graphs with multiple snapshots..

Our goal was to find a dense subset of vertices from each graph snapshot such
that the sum of densities and the similarity between the snapshots is maximized.

Proved that our problem is NP-hard.

Designed an iterative algorithm and a greedy algorithm which runs in polynomial
time.

Showed experimentally that the algorithms could find the ground truth using
synthetic datasets.

Showed experimentally that the number of iterations was low in iterative
algorithm.

Discovered dense collections in real world datasets and computational time is
reasonable.
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Thank you for your attention!!!
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Speedup tricks

The bottleneck in both algorithms : Finding the next vertex to delete.

Select Si, let v ∈ Si and S ′ :- S with Si replaced with Si \ {v}.

The score difference between S and S ′ :

q
(
S ′)− q(S) = |E(Si)| − deg v

|Si| − 1
− |E(Si)|

|Si|
+λ

∑
j ̸=i

J (Si \ {v} , Sj)−J (Si, Sj) .

In Alg-1 : To find the optimal v and i, we group the nodes in Si such that the
second term in objective is equal for the nodes in the same group.

Maintain nodes in a collection of a priority queues keyed by its degree.

To maintain the difference of the Jaccard indices, we maintain the sizes of
intersection |Si ∩ Sj | and the union |Si ∪ Sj | for all i and j.

To find the optimal v and i, we find the vertex with the smallest degree in each
group, and then compare these candidates among different groups.
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